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Abstract. Let T be a simply connected domain of the z=x+iy plane, whose
boundary contains a portion ¢ of the x-axis. Also let A(z, {), B(z, {), F(z, {), o(2),
B(z) and p(z) be holomorphic functions for z, { € TV ¢ U T, with «(z)—if(z) #0 for
ze TV o, «(2)+iB(z)#0 for z e T U o. Furthermore, we assume that «(x) and B(x)
are real valued functions for x € o. Our reflection principle states that for any solution
w=u+iv of an equation of the type ow/0z= A(z, Z)w+ B(z, Z)w+ F(z, Z) in T under
the boundary condition a(x)u+B(x)v=p(x) on o, w can be continued analytically
across the x-axis, onto the entire mirror image T.

1. Introduction. The classical reflection principle for the Cauchy-Riemann
equations has been generalized by many authors to solutions of various types of
elliptic equations with analytic coefficients in the plane. Second order equations
have been investigated by Lewy [9], biharmonic equations by Poritsky [11],
Duffin [4], Bramble [2], Sloss [12], and polyharmonic equations by Huber [6] and
Kraft [7].

Some more general higher order equations have been treated by Brown [3],
Sloss [13], and Yu [16].

Garabedian [5] demonstrated a reflection principle for a very general system of
second order quasi-linear elliptic equations, but his results are local and the
domains into which reflection is possible are not made explicit, even for linear
equations. Kraft [8] has adopted Garabedian’s method to reflection principles for
C? solutions of a class of first order quasi-linear elliptic system, but again his
results are local and not explicit.

Our purpose is to study the reflection principle for elliptic equations of the type

(M) Oulox — ov[dy = au+bv+f, ouloy+0v/ox = cu+dv+g,
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where a, b, c, d, f, g are analytic functions of the real variables x, y in a domain of
z=x+1iy plane. We shall achieve the reflection principle for this by simple explicit
formulas which then will give clear information about the domain of extension.

The solutions of equation (M) have many properties similar to those of holo-
morphic functions. These properties have been studied systematically by Bers and
Vekua in their well-known books [1], [14]. But almost nothing was known about the
reflection principle.

Our method is to apply Lewy’s idea in [9] to the complex representations devel-
oped by Vekua [15]. One of the main difficulties encountered in applying the
method of Lewy [9] to the case of (M) is that the complex representation (3.11)
established by Vekua for the solution w(z) of (2.2) in a domain G cannot immedi-
ately be applied to G U 0G, where 0G is the boundary of G. The difficulty has been
overcome by using the generalized Cauchy integral formula (Theorem 4.2).

In §2 we give some definitions and state the main theorem. In §3 we follow the
method of Vekua [15] to give integral representations of the solutions of (M) in
the domain G. In §4 we extend the integral representation (4.7) to the boundary of
the domain on which the solution is given. Then in §6 we prove the main theorem.

2. Definitions and the main theorem. We now give a few definitions and
properties of holomorphic functions of several complex variables which will be
needed later.

Let f(z,, .. ., z,) be a holomorphic function of the complex variables z,, ..., z,
in a domain G= C™. We can associate with f(zy, .. ., z,) another function, defined
in the conjugate domain G={({y, ..., &); (&1, .. -, &) € C (&, . . ., {y) € G} by the
formula

(21) f*(gla"-’Cn) =f(£1a-~~’£n)a (Cl,-'wgn)eg'
We call f*(y, . . ., {,) the * conjugate function to f(z,, . . ., z,). It is easily seen that
f*(, ..., L) is a holomorphic function of ¢y, ..., {, in G.

Now let g(xy, y1;...; Xa Va) be a given analytic function of the real variables
X1, Y15 - - -5 Xny Vn, in @ domain G € C™. According to the theory of functions of
several complex variables there corresponds a function, called the analytic con-
tinuation of g(xy, ¥1;...; Xn, V»), Which is complex analytic in a domain H € C?"
of the 2n complex variables Xy, y1;...; X., Vs, containing G, and which coincides
with g(x1, ¥1; .. .; Xp, ¥n) for (x1, y1;...; Xa, Yu) € G. We shall denote the analytic
continuation of g(xy, y1;...; Xa, Vy) again by g(xy, y15 ... Xn, Vu)-

Let us now introduce 2n new variables z,, {, (k=1, ..., n) by the relations

Zy = X+ Yy, &k = Xk— Yy
the variables z, and ¢, are conjugate if and only if x, and y, are real. We put
G(zla CI’ cevs Zpy gn) = g(xla Y15 o oy Xny yn)'

According to the above, G(zy,{y,..., 2, {,) is holomorphic in 2rn complex
variables zy, {i,.. ., Za, {p-
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By introducing the complex notation 0/0z=4(0/0x+i9/dy), we can write (M)
in the complex form

2.2) ow|oZ = Aw+Bw+F

where
w = u+iv, A = Ha+d+ic—ib),
B = Ha—d+ic+ib), F = 1(f+g).

If we continue q, b, ¢, d, f, g into the complex, we obtain 4, B, F as holomorphic
functions of the two complex variables z=x+iy, {=x—iy.

Throughout this paper we will assume T to be a simply connected domain on the
z plane whose boundary &T is supposed to contain a segment o, c={x : a<x<b}.
We assume o to contain the origin as an interior point.

We also assume A(z, {), B(z, {), F(z, {) are holomorphic functions of z,{e T
U ¢ U T, where T is the conjugate domain of T.

The main result in this paper will be Theorem 2.1.

THEOREM 2.1. Let w(z) be a C’ solution of differential equation (2.2) in T, con-
tinuous in T U o, satisfying

Re M(x)W] = au+Bv = p(x),  Ax) = a(x)+iB(x),

on o, where p(z), «(z), B(z) are holomorphic functions in the domain T U o U T, such
that o(z)—if(z)#0 for ze T U o, a(z)+iB(z)#0 for ze T U o. Then w(z) can be
continued analytically into the domain T U o U T; that is, there exists a unique w(z)
which is a C’ solution of differential equation (2.2) in T U ¢ U T and which agrees
with the given w(z) in T U o.

3. Integral representations and the generalized Cauchy integral formula. In this
section we give a brief summary of the representation formulas of the solutions of
equation (2.2). These are studied in Vekua [15].

Let GET U o U T be a simply connected domain in the complex plane. Then we
have

THEOREM 3.1 (VEKUA [15, p. 82]). Every C’ solution w(z) of equation (2.2)
in G has an analytic continuation W(z, {) to (G, G) in the complex variables (z, {);
that is, W(z, {) is holomorphic for z€ G, { € G, and W(z, Z2)=w(z) for z € G.

For this continuation,
3.1 oW [0l = A(z, )W (z, )+ B(z, OW*(L, 2)+ F(z, §)

where W*((, z) is the * conjugate function of W(z, {), and is defined by (2.1). For
{=2Z, oW/[ol=0W]oz, and (3.1) reduces to (2.2). Moreover, if W(z, {) is a holo-
morphic function of z, { for z€ G, { € G, satisfying (3.1), then W(z, Z) satisfies
equation (2.2) in G.
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A convenient technical simplification results from using the transformation
¢
(3.2) Wz, §) = Wo(z, 0) exp j Az, 1) dt,
81

where , is a fixed point in T. Substituting (3.2) in (3.1), we obtain the differential
equation

(3.3) OWo[0L = C(z, OWF(E, 2)+ Fo(z, §)

where

CG 0) = Bz, O exp [ L A, 1) di— L i Az 1) dt],

Fo(z, §) = F(z, ) exp [— L ; Az, 1) dt]-

LeMMA 3.1. Every solution Wy(z, {) of equation (3.3), holomorphic in the domain
(G, G), has the following integral representation formula:

Wz, 0) = $(2)+ f "Iz, 41, L)b(e) dt
(3.4) i

¢
+[ Tate, & 20, DY) dr Vol D
%o
where (z,, {o) is a fixed point in (G, G), $(z) is a holomorphic function in G, Uy(z, {)

is a holomorphic function for z, { e TV o U T, and T'y(z, L, 1, 7), T'a(z, L, ¢, 7) are two
holomorphic functions of the four variables z, t, {, r € T U o U T. Furthermore,

R 4 4 2
Use. D) = | Rz drt j dr j Ty(z 4, 1, DFo(t, 7) dt
%o <)) 29

3.5 . N
¥ fc dr f Tae 4 IR ) de
and
4
(3.6) Ty(z, 4,1, ) = j TG, 4, 1, 7) dn,
3.7) Ty 41, 7) = Cz, D+ j “C(& a2, &, &, ) dE

where T is the unique holomorphic solution of the Volterra integral equation

(3.8) I'(z, L, t, 7) = C(z, )C*(=, t)+ Ca"q ZC(f, T)C*(r, )(z2, L, &, 1) d§,
T t

forz,{,t,7eTUoUT.
Conversely, if W(z, {) is given by (3.4) in the domain (G, G), then W(z, {) satisfies
(3.3) in (G, G).
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Let wo(2)= Wy(z, Z). Then

(3.9) owel0z = C(z, Z)wo(2) + Folz, 2).
By Theorem 3.1 and Lemma 3.1, we have
LemMa 3.2. Every C' solution wy(z) of differential equation (3.9) in G has the

integral representation

wolz) = $(2)+ j VR RATOY
(3.10) L
+ L Ty(z, 2 2o, 7)$*(r) dr+ Un(z, 2).

Conversely, the function wo(z) which is given by (3.10) is a solution of differential
equation (3.9) in G.
By Theorem 3.1, Lemma 3.2 and the transformation (3.2), we have

THEOREM 3.2. Every C' solution w(z) of differential equation (2.2) in G has the
integral representation

we) = {9+ i@ 21, L0
(3.11) %

z H]
+ f T3z, 2, 20, *(r) dr+ Usz, 2)} exp J Az, 1) dr.
Lo 141
Conversely, the function w(z) which is given by formula (3.11) is a solution of differ-
ential equation (2.2) in G.

Now we are in a position to state the generalized Cauchy integral formula of the
homogeneous differential equation
(3.12) owjoz = C(z, 2)w(z).

THEOREM 3.3. Let H be a simply connected domain with piecewise smooth
boundary 0H such that H U 0H<T U o U T, then for any C’ solution w(z) of differ-
ential equation (3.12), continuous in H U 0H, we have

(3.13) w(z) = ﬁ L . WU, £, z, 2) dt—w()V (@, 1, z, Z) di],
where

(3.14) Ut 1,z,2) = Uyt, £, 2, 2)— Uy(t, £, 2, 2),

(3.15) V(t, &z 2)= Vit iz 2)— V2,1, 2z 2),

(3.16) Ui(t, 1, 2, 2) = 1)(t—2)—Ty(z, 2, t, F) log [(t—2)(F—2)] + 24,

3.17) Vi(t, 1,2,2) = =Tz, z, 1, t) log [(t—2)(F—2)] +Z,,
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and 2,(t, 0, z, {), Zao(t, m, 2, §), Us(t, m, 2, 0), Vo2, n, 2, ) are certain holomorphic
functions of t, v, z, { € TV o U T, given explicitly in Vekua [15, pp. 77-81].

4. The complex integral representation in D U o,. One of the main difficulties
encountered in proving Theorem 2.1 is that the complex integral representation
(3.11) cannot immediately be applied to the boundary of G. The following Theorem
4.2 is going to overcome this difficulty.

We shall establish a few lemmas to help us to prove Theorem 4.1 and Theorem
4.2. From now on we will assume D to be a simply connected domain with a
smooth boundary 0D such that D U éD<T U . The boundary 9D is supposed to
contain a segment a4, 6o={x : a<a,<x<by<b, ay<0, by>0}.

Let w(z) be a C’ function in D, Hélder continuous in D U 8D. Define the func-
tions

1 [ »
(4.1) gl(Z) = 2mi oo -l: dt, zeD,

(42 86D = 5 [ WOTE L1 DlogG-2)(-D1d,  zeD,LeD,
43) 8@ D = 5 [ WOTua 1, Dlog [1-2)i-DIdh,  zeD,LeD,
(4‘4) g4(z’ Z) = _Zl;i J;D w(t)[zl(t9 t-a z, g)_ U2(ts i’ z, l)] dt’ zZ€e Da ge 59

(43 8@ D = 5 [ WORIG4L2)-VIG L LId,  zeD,LeD,

where the functions I'y, 'y, U,, V¥, Z,, %, are defined in the previous section. Recall
they are holomorphic functions of ¢, 7, z, { for t, 9, z, {e TU 0 U T. We have

LeMMA 4.1. The function g,(z) is holomorphic in D, and can be defined as a Holder
continuous function in D U éD.

Proof. See Musheli$vili [10].

LEMMA 4.2. The function gu(z, {) is holomorphic in (D, D) and for a fixed point
Lo € D, gu(z, &) is continuous in D U o, oo={x : ag<x<bp}.

Proof. If ¢ € @D, the function log [(t—2)(f—{)] of (z, {) is single-valued and
holomorphic w.r.t. z, { for (z, {) € (D, D). Hence the same is true for

w(n)Ta(z, &, 8, ©) log [(—2)(F— )]

Since integration with respect to ¢ preserves this property, ga(z, {) is a holo-
morphic function for z € D, { € D as asserted.
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We write
1 . .
82,0 = 5 [ WOTiGa, 4,1, 1) Tog [(—2)(— D] i
7l Jop
1

2mi Jop- a

1 (%
+2—m. Lo w()'y(z, ¢, ¢, t) log (t—z) dt

W(I)Fl(z, ga t i) log [(t—Z)(i— {)] dt

1 (b
4 [ WOTAG £, 1,1) log =D d
= 1(z, O +11(z, -+ 1z, ).

Let D, be a subdomain of D, the boundary @D, of which contains a segment o,,
where o, is a closed subinterval of o,. Furthermore, assume that the distance from
D, to 0D\o, is greater than zero. Thus, for ¢ € 9D\, z € D, U a,, the function

w(t)T'1(z, Lo, ¢, F) log [(t—2)(F—{o)]

is uniformly continuous. Therefore I(z, {,) is continuous for z on D U a,.
Using integration by parts, we obtain for ay < x < b,,

l(z, §o) = 2%” {w(x)I'1(z, Lo, x, x)(x—2) log (x—2) = w(x)T'1(z, Lo, X, X)(x—2)}3250
1 [ d
~5m Lo {(x—2)log(x—2)—(x—2)} o {w(x)T'y(z, Lo, x, x)} dx.

Since if x €0, the function (x—z)log (x—z)—(x—2z) is continuous for any
z € D U oy, it follows that II(z, {,) is continuous in D U o,.

A similar integration by parts proves that IIl(z, {,) is continuous in D U o,.
This completes the proof.

Using the same method, we get the following

LEMMA 4.3. The function gs(z, {) is holomorphic in (D, D), and for fixed {, € D,
83(2, o) is continuous in D U oq, oo={x : ay<x<by}.

LeMMA 4.4. The functions g4(z, {), gs(z, {) are holomorphic in (D, D) and for
fixed Lo € D, g4(z, Lo) and gs(z, &) are continuous in D U o, U D.

Proof. This follows since the integrands are holomorphic functions of z, { € T
UouUT.

THEOREM 4.1. Let wy(2) be a C' solution of differential equation (3.9) in D, Hélder
continuous in D U @D. Then there is a holomorphic function Wy(z, {), ze D, { € D,
such that wy(z)= Wy(z, Z). Furthermore, for a fixed point {, € D, W(z, {,) is holo-
morphic in D and continuous in D U o,.
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Proof. By Lemma 3.2 and (3.5), there exists a solution w,(z) of homogeneous
differential equation (3.12) in D such that

(4.6) wo(2) = w1(2)+ Uo(z, 2).

Since Uy(z, {) is a holomorphic function for z, { € T U o U T, therefore, w,(z) is
Hélder continuous in D U 9D. Define

1 . — i,
Wiler ) = 5 [ DROUG L 2D di=m®OV*G ,8,2) di),
where U(t, 7, z, {), V(t, 7, z, {) are given by Theorem 3.3. It is easy to see that

Wl(z9 C) = gl(z)—g2(z9 C)+g3(2, £)+g4(2, z)—gs(Z, g)a

where g1, g2, g3, £4, &5 are defined by (4.1), (4.2), (4.3), (4.4), (4.5) respectively. By
Lemmas 4.1 through 4.4, the function W;(z, {) is defined as a holomorphic function
for ze D, { € D, and for a fixed point ¢, € D, W,(z, {,) is holomorphic in D and
continuous in D U o,. By Theorem 3.3, we have W,(z, Z)=w,(z) in D, so the func-
tion Wy(z, )= Wi(z, {)+ U(z, {) serves the purpose; this completes the proof.

THEOREM 4.2. Let w(z) be a C' solution of differential equation (2.2) in D, Holder
continuous on D U 0D. Then

W(z) = {¢(z)+ [ ne 20
4.7) %

Z z
+ j T4z, 2, 20, 7)*(r) dr+ Unlz, z)} exp f Az 1) dt,
20 41

where $(z2) is a function holomorphic in D, and can be defined as a continuous function
in D U o, Conversely, the function w(z) which is given by (4.7) is a solution of
differential equation (2.2) in D, continuous in D U oy

Proof. By Theorem 3.1, we have a holomorphic function W(z, {), ze D, { € D,
such that W(z, z)=w(z). Moreover, (3.2) and Lemma 3.1 give the representation

4
Wz, §) = Woz, {) exp [ L A, 1) dt]
- {se+[ mate b0 20

+f ‘ I 4, 2o, W) dr+ Use, D enp || ‘ A0 dr):

where ¢(z) is a function holomorphic in D. Next, observe that w(z) is Holder
continuous in D U @D if and only if wy(z) is Holder continuous in D U @D, where
wo(2)= Wy(z, Z). By Theorem 4.1, W(z, Z,) is holomorphic in D and continuous in
D U o,, where Z, is a fixed point in D. By (3.6), Wo(z, Z,)=¢(z) + Us(z, Z,). Thus
#(z) is holomorphic in D and can be defined as a continuous function in D U g,
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5. The complex Volterra integral equations. The complex Volterra integral
equations in domain D have been studied in detail in Vekua [15]. The purpose of
this section is to study the Volterra integral equation

.1) 2(z) = f(2)+ J:K(z, Ne(t)dt, zeDU o,

where D and o, are defined in §4, f(z) is continuous in D U o, and holomorphic in
D, and K(z, t) is holomorphic in (TU ¢ U T, TUcUT).

THEOREM 5.1. The integral equation (5.1) has a unique solution g(z) which is
continuous in D U o, and holomorphic in D.

Proof. To prove the existence of a solution, we construct a sequence of functions
g.(2) (n=1,2,...) as follows:

8@ =10, 8D = fO+ | K Dgas0)
It is evident that if
(5.2) lim £,(2) = ¢(2)
exists uniformly on every compact subset of D U a,, then g(z) is a solution of (5.1)

in D.
To demonstrate the uniform convergence, we observe that

(5.3) 82) = 1)+ | T, 00 ds
where

(5.4) Iz t) = K'(z, t)+ - - +K"™(z, 1)
and

K@t =Kz, K+t = j “K@ DK 1) dL.

The sum of the right of (5.4) is easily seen to converge uniformly in every compact
subset of (TU ¢ U T, TU o U T) by the principle of dominated convergence, and
this established (5.4).

To prove the uniqueness, let f(z)=0, then (5.1) becomes

.5) 2(z) = J: K(z, 1)g(t) dt.

Since we assume g(z) is holomorphic in D, and continuous in D U o, therefore the
integration on the right side on (5.5) is independent of the path in D U g,
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Let t=X(6), 0=6=1, denote the path, for which 0=A(0), zo=A(1). Assume
[X'(0)| =g, K(z, t) < M. Hence, if z is a point of the path, z=A(B), we have

()] = | [ ke nsa

< M (0] Ja

B B8
= M [ 15O ¥(®)] db < Mg [ 180D .
Letting h(6)=|g(A())|, we thus have
hB) < Mg f *hO)db = MgA,  where A4 = f ’ () do.
0 0

Using this inequality again, we have h(8) < AM2g3p. In a similar manner,
h(B) < M *ig"*14B8"n!, n=0,1,....
The last inequality holds for any »n, and the right side can be made as small as
we wish by choosing n sufficiently large. It follows, therefore, that | g(A(6))| =h(6)
=0. This completes the proof.

(A similar estimate will prove that the iteration procedure converges.)
The same method to prove uniqueness can give the following:

COROLLARY 5.1. The integral equation
x
w(x) = J K(x, Ow(t) dr,  x, €0y,
V]

has only the trivial solution in L%(ay, b,).

6. Proof of the main theorem. We first establish the reflection principle in
D U gy, where D and o, are defined in §4.

LEMMA 6.1. Let w(z)=u+iv be a C' solution of differential equation (2.2) in D,
Hélder continuous in D U 0D, satisfying

(6.1) Re A(x)w] = au+Pv = p(x), X€Ea A = a+tif,

where p(z), «(z), B(z) are holomorphic functions in the domain D U oo U D, such
that o(z)—iB(z)#0 for z€ D U oy, a(2)+iB(z) #0 for z € D U o,. Then w(z) can be
continued analytically into the domain D U o, U D, i.e. there exists a unique w(z)
which is a C' solution of differential equation (2.2) in D U o, U D and which agree
with the given w(z) in D U o,.

Proof. By Theorem 4.2, we have the integral representation

w@) = {40+ Tuta, 7,1, 2)600)
(6.2) %

+ L o Ty(z, 2, zo, P*() d7+ Us(z, 2)} exp ” : 460 dt] ’
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where ¢(z) is a function holomorphic in D, and can be defined as a continuous
function in D U g,. Thus

w0 = {#@+[ TE 0 d
(6.3) . ]
+[" 1362 2, ) dr+ UsE oo || 4@ 1) at]-
20 3%
Condition (6.1) implies
64) 200 = ()~ BN+ (o) +HBONHD,  x o

Set

Gi(2) = ((2)—iB(2)) exp [ fc 1 Az, 1) dt],
Gal2) = (a(z)+iB(2)) exp [ L A%z, ) dt],

then G,(z)#0 for z€ D U g, and G,(z)#0 for z € D U o,. Substituting (6.2) and
(6.3) into (6.4), we obtain the relation for z € g, (i.e. for x € ay),

2p(2) = G1(2)$(2)+ Ga(2)$*(2)

+[ 2 1, 2060+ T1G, 2 2, NGO dr
(6.5) %

+[ 02,20 06, +TEG, 2,1, 2060 de
+G1(2)Uo(z, 2)+ Go(2) U (z, 2).

Recall that I'y(z, z, ¢, Z,), T4(z, z, 2o, 7), I'F(z, 2, 1, 25), TR(z, z, Zo, 7), Uy(z, 2),
U (z, z), G1(2), G2(2) and p(z) are holomorphic for z, t, r€ D U o, U D. We also
see that ¢*(z) is known for ze D U o,. Then (6.5) suggests a Volterra integral
equation for an unknown function ¢(z) in D U a,, as follows:

6.6) f(z) = Gy(2(2)+ J':{rl(z, 2, t, Z)Gy(2) + TE(z, 2, Zo, 1)Ga(2)WH(2) dt
where
@) = 2p(2)— Go(2)*(2)

[ e 24206, 4T3, 2 20 DGO de
6.7) .
—L {Ta(z, z, 2o, 1)G1(2)+TF(z, 2, t, 2,)Ga(2)}$*(2) dt

—Gi(2)Uo(z, 2)— Ga(2) U3 (z, 2).
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By Theorem 5.1, the solution ¥(z) must exist and be unique in all of D U o,. It
must be holomorphic in D and continuous in D U o,. But ¢(z) is holomorphic in
D and continuous in D U g, and satisfies the same equation (6.6) for z=x on a,.
By uniqueness (Corollary 5.1), we have ¢(z)=(z) on a,.

This ¢(z) serves as the analytic continuation of ¢(z) into D U o, U D. In analogous
manner, we also can construct the analytic continuation of ¢*(z) into D U o, U D.

We now can use (6.2) and Theorem 3.2 to obtain w(z) for arbitrary ze D U q,
U D as an analytic continuation of w(z) for z€ D U g, as given originally.

The uniqueness follows from the analyticity of the solution of differential
equation (2.2). This completes the proof.

The above lemma assumes that w(z) is Holder continuous for z€ D U o,.
However, in view of the following lemma, we only need assume that w(z) is con-
tinuous for ze D U g,

LemMMA 6.2 (VEKUA [14, p. 313]). Let w(z) be a C' solution of differential
equation (2.2) in D, continuous in D U 0D, satisfying

au+pPv = Re MZ)w] = p(z), A = a+if on oD,

where p(z), \(z) are Holder continuous with index p, 0<p <1, |X(z)|=1 on 0D. Then
w(z) is Hoélder continuous with index p on D U 0D.

Now we are in a position to prove the main theorem.

Proof of Theorem 2.1. By Lemma 6.2, it is easy to see that w(z) is Holder
continuous in D U 0D. Then by Lemma 6.1 w(z) can be continued analytically into
the domain D U o, U D. But we can take D so that its boundary is as close as
desired to the boundary of 7. This completes the proof.
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